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Abstract
The influence of errors on the convergence of infinite products of weak quasi-contraction
mappings in b-metric spaces is explored. An example demonstrating the necessity of convergence
of the sequence of computational errors to zero is also provided. Moreover, we discuss weak
ergodic theorems in the setting of b-metric spaces.
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1 Introduction and Preliminaries
The study of convergence of iterations of nonexpansive mappings has always been a central topic
in nonlinear analysis. Indeed, it is natural to ponder the behavior of the iterates of nonexpansive
mappings in the presence of computational errors. Several authors (see [3,4,9–13]) proved convergence
results for iterates of nonexpansive mappings in the presence of computational errors in the context
of Banach spaces and metric spaces. They have formulated necessary conditions on the sequence of
computational errors for proving the convergence results.
Throughout this paper, we denote by N0 = N∪{0}, where N denotes the set of natural numbers.
The following definitions will be used in the sequel:
Definition 1.1. [6] A b-metric on a nonempty set X is a function d : X ×X → [0,∞) such that for
all x, y, z ∈ X and a real number s ≥ 1, the following conditions are satisfied:
(i) d(x, y) = 0 if and only if x = y,
(ii) d(x, y) = d(y, x),
(iii) d(x, y) ≤ s[d(x, z) + d(z, y)].
Then the pair (X, d) is called a b-metric space. The number s is called the coefficient of (X, d).
Definition 1.2. [2] Let (X, d) be a b-metric space. Then
(i) A sequence {xn} ⊂ X converges to x ∈ X if and only if lim
n→∞
d(xn, x) = 0.
(ii) A sequence {xn} ⊂ X is said to be a Cauchy sequence if and only if lim
n,m→∞
d(xn, xm) = 0.
(iii) A b-metric space (X, d) is said to be complete if every Cauchy sequence {xn} ⊂ X converges
to a point x ∈ X such that lim
n→∞
d(xn, x) = 0 = lim
n,m→∞
d(xn, xm).
Let (X, d) be a b-metric space with coefficient s ≥ 1. Let T : X → X be a mapping. Then the
orbit and the double orbit induced by T are defined by
OT (x) : = {T
nx : n ∈ N0},
OT (x, y) : = OT (x) ∪ OT (y).
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By convention, T n+1 = T ◦ T n and T 0 = I, where I : X → X is the identity mapping. Recently,
Bessenyei [1] introduced the notion of weak quasi-contraction as follows:
A mapping T : X → X is said to be a weak quasi-contraction if T induces bounded orbits and
d(Tx, Ty) ≤ ψ(diam OT (x, y)) for all x, y ∈ X,
where ψ : [0,∞)→ [0,∞) satisfies the following conditions:
(i) ψ is increasing and upper semi-continuous,
(ii) ψ(0) = 0,
(iii) ψ(t) < t for all t > 0.
Mitrovic´ and Hussain [7] obtained fixed point results for weak quasi-contractions in the context
of b-metric spaces. Let C be a closed, bounded and convex subset of a Banach space endowed with a
suitable complete metric. Reich and Zaslavski [12] obtained convergence results of infinite products
of nonexpansive mappings on C. They [12, Theorem 2.1] proved that for a generic sequence {Ri}
∞
i=1
in this space
‖RnRn−1 . . . R2R1x−RnRn−1 . . . R2R1y‖ → 0
an n → ∞, uniformly for all x, y ∈ X . In the literature of population biology (see [5, 8]) such
results are known as weak ergodic theorems. They [12, Theorem 2.2] proved the existence of a set R
which is a countable intersection of open and everywhere dense subsets of the space of sequences of
nonexpansive mappings of C such that for each mapping g : N→ N and each {Si}
∞
i=1 ∈ R,
‖Sg(n)Sg(n−1) . . . Sg(2)Sg(1)x− Sg(n)Sg(n−1) . . . Sg(2)Sg(1)y‖ → 0
as n → ∞, uniformly with respect to g for all x, y ∈ C. Moreover, Butnariu et al. [4] obtained
convergence results for infinite products by assuming the convergence of exact infinite products
and summability of errors. Pustylnik et al. [11] proved that it is possible to establish the uniform
convergence of infinite products by only assuming that the computational errors to converge to 0.
Moreover, Reich and Zaslavski [13] studied the convergence of infinite products of nonexpansive
mappings in metric spaces by assuming the the convergence of uniform convergence of exact infinite
orbits only on bounded subsets of metric space. Several authors (see [3, 9, 10]) have studied the
behavior of inexact orbits under the influence of computational errors and obtained convergence
results.
The main objective of the paper is to provide an affirmative answer to the question of preservation
of convergence of infinite products of weak quasi-contraction mappings in the setting of b-metric
spaces. We obtain convergence results under the assumption that the exact infinite orbits converge
and the sequence of computational errors converge to zero. Also, convergence results are established
by assuming the convergence of exact infinite orbits on bounded subsets of the b-metric space. We
provide an example to illustrate that convergence of the sequence of computational errors to 0 is
necessary for establishing the convergence of inexact orbits. In the last section we formulate weak
ergodic theorems in b-metric spaces.
2 Main Results
Let (X, d) be a b-metric space with coefficient s ≥ 1. For each x ∈ X and each nonempty subset
A ⊂ X define
d(x,A) := inf{d(x, y) : y ∈ A}.
Let F be a nonempty set of mappings f : N0 → N0 with the following property:
(F) If f ∈ F and p ∈ N, then fp ∈ F, where fp(i) = f(i+ p) for all i ∈ N0.
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Theorem 2.1. Let (X, d) be a complete b-metric space with coefficient s ≥ 1. Let E be a nonempty
and closed subset of X. For each i ∈ N0, let Ti : X → X be a weak quasi-contraction mapping such
that Ti(E) ⊂ E for all i ∈ N0 and
diam OTf(j)(Tf(i)x, Tf(i)y) ≤ diam OTf(j)(x, y) for all x, y ∈ X, f ∈ F and i, j ∈ N0. (2.1)
Let F be a nonempty set of mappings f : N0 → N0 with property (F). Suppose that the following
property holds:
(P1) for each ǫ > 0, there exists a natural number nǫ such that for each f ∈ F and each x ∈ X
we have
d(Tf(nǫ)Tf(nǫ−1) . . . Tf(1)Tf(0)x, E) < ǫ.
Then for each ǫ > 0, there exist δ > 0 and n0 ∈ N such that for each f ∈ F and each sequence
{xi}
∞
i=0 ⊂ X satisfying
diam OTf(j)(xi+1, Tf(i)xi) ≤ δ for all i, j ∈ N0, (2.2)
the following inequality is satisfied
d(xi, E) < ǫ for all i ≥ n0.
Proof. Suppose that ǫ > 0 is given. Then by property (P1), there exists n0 ∈ N such that for each
f ∈ F and each x ∈ X we have
d(Tf(n0−2)Tf(n0−3) . . . Tf(1)Tf(0)x, E) <
ǫ
2s
. (2.3)
Choose a real number δ such that
0 < δ <
ǫ
2n0sn0
. (2.4)
Suppose that f ∈ F and the sequence {xi}
∞
i=0 ⊂ X satisfies (2.2). Let n ≥ n0 be an integer. It
suffices to prove that d(xn, E) < ǫ. Set zi = xi+n−n0+1 for all i ∈ N0. Then zn0−1 = xn. Let
f˜(i) = f(i + n − n0 + 1) for all i ∈ N0. As n ≥ n0, by property (F) we infer that f˜ ∈ F. For all
i, j ∈ N0 using (2.2) we have
diam OT
f˜(j)
(zi+1, Tf˜(i)zi) = diam OTf(j+n−n0+1)(xi+n−n0+2, Tf(i+n−n0+1)xi+n−n0+1)
≤ δ. (2.5)
Set y0 = z0 and yi+1 = Tf˜(i)yi for all i ∈ N0. Then yn0−1 = Tf˜(n0−2)Tf˜(n0−3) . . . Tf˜(1)Tf˜(0)z0. Since
f˜ ∈ F, using (2.3) we deduce that
d(yn0−1, E) <
ǫ
2s
. (2.6)
We claim that if j ∈ N0, then
diam OT
f˜(j)
(zi, yi) ≤ (i+ 1)s
iδ for all i ∈ N0. (2.7)
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We shall prove this by induction on i. If i = 0, then using (2.2) we have
diam OT
f˜(j)
(z0, y0) = diam OTf(j+n−n0+1)(xn−n0+1)
≤ diam OTf(j+n−n0+1)(xn−n0+1, Tf(n−n0)xn−n0)
≤ δ.
Therefore, (2.7) holds for i = 0. Suppose that (2.7) holds for some i ∈ N. Now, we prove that it
holds for i+ 1. Since the orbits are bounded,
diam OT
f˜(j)
(zi+1, yi+1) = sup
k,l∈N0
{d(T k
f˜(j)
zi+1, T
l
f˜(j)
yi+1), d(T
k
f˜(j)
zi+1, T
l
f˜(j)
zi+1), d(T
k
f˜(j)
yi+1, T
l
f˜(j)
yi+1)}.
Consider
d(T k
f˜(j)
zi+1, T
l
f˜(j)
yi+1) ≤ sd(T
k
f˜(j)
zi+1, T
k
f˜(j)
Tf˜(i)zi) + sd(T
k
f˜(j)
Tf˜(i)zi, T
l
f˜(j)
yi+1)
≤ sψk(diam OT
f˜(j)
(zi+1, Tf˜(i)zi)) + s diam OTf˜(j)(Tf˜(i)zi, yi+1)
< s diam OT
f˜(j)
(zi+1, Tf˜(i)zi) + s diam OTf˜(j)(Tf˜(i)zi, Tf˜(i)yi).
Using (2.1) we have
d(T k
f˜(j)
zi+1, T
l
f˜(j)
yi+1) ≤ s diam OT
f˜(j)
(zi+1, Tf˜(i)zi) + s diam OTf˜(j)(zi, yi).
Using (2.5) and the induction hypothesis we get,
d(T k
f˜(j)
zi+1, T
l
f˜(j)
yi+1) < sδ + (i+ 1)s
i+1δ ≤ (i+ 2)si+1δ.
Now using (2.5) we have
d(T k
f˜(j)
zi+1, T
l
f˜(j)
zi+1) ≤ diam OT
f˜(j)
(zi+1) ≤ diam OT
f˜(j)
(zi+1, Tf˜(i)zi) ≤ δ.
Also, using (2.1) and the induction hypothesis we have
d(T k
f˜(j)
yi+1, T
l
f˜(j)
yi+1) ≤ diam OT
f˜(j)
(yi+1) = diam OT
f˜(j)
(Tf˜(i)yi) ≤ diam OTf˜(j)(zi, yi) ≤ (i+ 1)s
iδ.
This gives diam OT
f˜(j)
(zi+1, yi+1) ≤ (i+ 2)s
i+1δ. Therefore, the claim follows. This implies that
diam OT
f˜(j)
(zn0−1, yn0−1) ≤ n0s
n0−1δ. (2.8)
By (2.6) and (2.8) we deduce that
d(xn, E) = d(zn0−1, E) ≤ sd(zn0−1, yn0−1) + sd(yn0−1, E)
≤ s diam OT
f˜(j)
(zn0−1, yn0−1) + sd(yn0−1, E)
≤ n0s
n0δ +
ǫ
2
.
By (2.4) it follows that d(xn, E) < ǫ. This completes the proof.
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Theorem 2.2. Let (X, d) be a complete b-metric space with coefficient s ≥ 1. Let E be a nonempty
and closed subset of X. For each i ∈ N0, let Ti : X → X be a weak quasi-contraction mapping such
that Ti(E) ⊂ E for all i ∈ N0 and (2.1) holds. Let F be a nonempty set of mappings f : N0 → N0
with property (F). Suppose that property (P1) holds. Let {δi}
∞
i=0 be a sequence of positive numbers
such that lim
i→∞
δi = 0. Then for each ǫ > 0, there exists n ∈ N such that for each f ∈ F and each
sequence {xi}
∞
i=0 ⊂ X satisfying
diam OTf(j)(xi+1, Tf(i)xi) ≤ δi for all i, j ∈ N0, (2.9)
the following inequality is satisfied
d(xi, E) < ǫ for all i ≥ n.
Proof. By Theorem 2.1 there exist δ > 0 and n0 ∈ N such that the following property is satisfied:
(P2) for each f ∈ F and each sequence {xi}
∞
i=0 ⊂ X such that (2.9) holds, the following inequality
is satisfied
d(xi, E) < ǫ for all i ≥ n0.
Since lim
i→∞
δi = 0, there exists n1 ∈ N such that
δi < δ for all i ≥ n1. (2.10)
Let n′ = max{n0, n1} and n ≥ 2n0 + n1. Then n ≥ n
′. Suppose that f ∈ F and the sequence
{xi}
∞
i=0 ⊂ X satisfies (2.9). Let n ≥ n be an integer. It suffices to prove that d(xn, E) < ǫ. Set
zi = xi+n′ and f(i) = f(i+ n
′) for all i ∈ N0. Since n
′ ∈ N, by property (F) we get f ∈ F. In view
of (2.9) and (2.10),
diam OT
f(j)
(zi+1, Tf(i)zi) = diam OTf(j+n′)(xi+n′+1, Tf(i+n′)xi+n′)
≤ δi+n′
< δ.
By using property (P2) we infer that
d(zi, E) < ǫ for all i ≥ n0. (2.11)
Since n ≥ n and n′ = max{n0, n1}, n− n
′ ≥ n0. Therefore, from (2.11) it follows that
d(xn, E) = d(zn−n′, E) < ǫ.
If we consider the set E to be a singleton, then we have the following result:
Theorem 2.3. Let E = {x} and all the assumptions of Theorem 2.2 are satisfied. Then for each
ǫ > 0, there exists n˘ ∈ N such that for each f ∈ F and each sequence {xi}
∞
i=0 ⊂ X satisfying (2.9),
the following inequality is satisfied
d(xi, x) < ǫ for all i ≥ n˘.
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Now we construct an example which shows that if the sequence of errors does not convergence to
0, then there exist inexact orbits which do not converge.
Let X be the set of all sequences x = {xi}
∞
i=1 of nonnegative numbers such that
∞∑
i=1
xi ≤ 1. For
x = {xi}
∞
i=1, y = {yi}
∞
i=1 ∈ X , set
d(x, y) =
∞∑
i=1
|xi − yi|
2. (2.12)
Then (X, d) is a complete b-metric space with coefficient s = 2. Define T : X → X by
Tx = T ({xi}
∞
i=1) =
(x2
2
,
x3
2
,
x4
2
, . . .
)
.
Set T 0x = x for all x ∈ X . Let F be the set of all mappings f : N0 → N0 and Ti = T for
all i ∈ N0. Define ψ : [0,∞) → [0,∞) by ψ(t) =
t
3
. Then d(Tx, Ty) ≤ ψ(diam OT (x, y)) and
diam OT (Tx, Ty) ≤ diam OT (x, y) for all x, y ∈ X . The following lemma is instrumental in con-
structing the example:
Lemma 2.4. Let w(0) = {w
(0)
i }
∞
i=1 ∈ X be such that diam OT (w
(0)) ≤ 1
3
and q ∈ N0. Let {γi}
∞
i=0 be
a sequence of positive numbers such that lim
i→∞
γi 6= 0. Then there exist a natural number n ≥ 4 and a
sequence {w(i)}ni=0 ⊂ X such that
diam OT (w
(i)) ≤
1
3
for all i ∈ {0, 1, . . . , n},
diam OT (w
(i+1), Tw(i)) ≤ γq+i +
1
3
for all i ∈ {0, 1, . . . , n− 1},
d(w(n), (0, 0, . . .)) ≥ 5× 10−5.
Proof. Without loss of generality we may assume that
γi ≤
1
64
for all i ∈ N0. (2.13)
There is a natural number m > 4 such that
∞∑
i=m
w
(0)
i ≤
1
32
. (2.14)
Set w(i+1) = Tw(i) for all i ∈ {0, 1, . . . , m− 1}. Then
w(m) =
(w(0)m+1
2m
,
w
(0)
m+2
2m
,
w
(0)
m+3
2m
, . . .
)
.
Since lim
j→∞
γj 6= 0,
∞∑
j=0
γj =∞. Then there exists a natural number n > m such that
q+n∑
j=q+m
γj ≥
1
32
. (2.15)
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By (2.13) and (2.15), n ≥ m+ 1 and without loss of generality we may assume that
q+n−1∑
j=q+m
γj <
1
32
. (2.16)
Using (2.13) and (2.15) we have
q+n−1∑
j=q+m
γj =
q+n∑
j=q+m
γj − γq+n ≥
1
32
−
1
64
=
1
64
. (2.17)
For i ∈ {m+ 1, m+ 2, . . . , n}, define w(i) = {w
(i)
j }
∞
j=1 as follows:
w
(i)
j =
w
(0)
j+i
2i
for all j ∈ N \ {n+ 1− i},
w
(i)
n+1−i =
w
(0)
n+1
2i
+
1
2
q+i−1∑
j=q+m
γj. (2.18)
Evidently, w(i) is well defined for all i ∈ {m+ 1, m+ 2, . . . , n}. By (2.14) and (2.16),
∞∑
j=1
w
(i)
j =
1
2i
∞∑
j=i+1
w
(0)
j +
1
2
q+i−1∑
j=q+m
γj
≤
∞∑
j=m
w
(0)
j +
1
2
q+n−1∑
j=q+m
γj
<
3
64
≤ 1
which implies that w(i) ∈ X for all i ∈ {m+ 1, m+ 2, . . . , n}. If 0 ≤ i ≤ m, then
diam OT (w
(i)) = diam OT (Tw
(i−1))
≤ diam OT (w
(i−1))
...
≤ diam OT (w
(0))
≤
1
3
. (2.19)
Also, if i ∈ {m+1, m+2, . . . , n}, then diam OT (w
(i)) ≤ 1
3
. Now, we show that diam OT (w
(i+1), Tw(i)) ≤
γq+i +
1
3
for all i ∈ {0, 1, . . . , n− 1}. If i ∈ {0, 1, . . . , m− 1}, then using (2.19)
diam OT (w
(i+1), Tw(i)) = diam OT (w
(i+1)) ≤
1
3
≤ γq+i +
1
3
.
If i ∈ {m,m+ 1, . . . , n− 1}, then
diam OT (w
(i+1), Tw(i)) = sup
k,l∈N0
{d(T kw(i+1), T l(Tw(i))), d(T kw(i+1), T lw(i+1)), d(T k(Tw(i)), T l(Tw(i)))}.
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We have
w(i+1) =
(w(0)2+i
2i+1
,
w
(0)
3+i
2i+1
, . . . ,
w
(0)
n
2i+1
,
w
(0)
n+1
2i+1
+
1
2
q+i∑
j=q+m
γj
︸ ︷︷ ︸
(n− i)th position
,
w
(0)
n+2
2i+1
, . . .
)
and
Tw(i) =
(w(0)2+i
2i+1
,
w
(0)
3+i
2i+1
, . . . ,
w
(0)
n
2i+1
,
w
(0)
n+1
2i+1
+
1
4
q+i−1∑
j=q+m
γj
︸ ︷︷ ︸
(n− i)th position
,
w
(0)
n+2
2i+1
, . . .
)
.
Therefore, using (2.12) and (2.16) we have
d(w(i+1), Tw(i)) =
∣∣∣1
2
γq+i +
1
4
q+i−1∑
j=q+m
γj
∣∣∣2
≤ γ2q+i +
1
4
( q+n−1∑
j=q+m
γj
)2
< γq+i +
1
4
( 1
32
)2
≤ γq+i +
1
3
.
Similarly, d(T kw(i+1), T l(Tw(i))) ≤ γq+i +
1
3
, for all k, l ∈ N0. Also, for all k, l ∈ N0
d(T kw(i+1), T lw(i+1)) ≤ diam OT (w
(i+1)) ≤
1
3
,
d(T k(Tw(i)), T l(Tw(i))) ≤ diam OT (w
(i)) ≤
1
3
.
Therefore, diam OT (w
(i+1), Tw(i)) ≤ γq+i +
1
3
for all i ∈ {0, 1, 2, . . . , n − 1}. By (2.12) and (2.17),
(2.18)
d(w(n), (0, 0, . . .)) =
∞∑
j=1
(w
(n)
j )
2
≥ (w
(n)
1 )
2
= (w
(n)
n+1−n)
2
=
(w(0)n+1
2n
+
1
2
q+n−1∑
j=q+m
γj
)2
≥
1
4
( q+n−1∑
j=q+m
γj
)2
≥
1
4
( 1
64
)2
≥ 5× 10−5.
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Let δi = γi +
1
3
for all i ∈ N0. Since lim
i→∞
γi 6= 0, lim
i→∞
δi 6= 0.
Example 2.5. Let {δi}
∞
i=0 be a sequence of positive numbers such that lim
i→∞
δi 6= 0. Let x = {xi}
∞
i=1 ∈
X such that diam OT (x) ≤
1
3
. Then there exist a sequence {z(i)}∞i=0 ⊂ X such that z
(0) = x,
diam OT (z
(i)) ≤
1
3
for all i ∈ N0,
diam OT (z
(i+1), T z(i)) ≤ δi for all i ∈ N0
and a sequence of nonnegative integers {tk}
∞
k=0 such that
d(z(tk), (0, 0, . . .)) ≥ 5× 10−5 for all k ∈ N.
Proof. Using induction we construct a sequence {z(i)}∞i=0 ⊂ X and a sequence of nonnegative integers
{tk}
∞
k=0 such that 

z(0) = x,
diam OT (z
(i)) ≤
1
3
for all i ∈ N0,
diam OT (z
(i+1), T z(i)) ≤ δi for all i ∈ N0,
t0 = 0, tk < tk+1 for all k ∈ N0,
d(z(tk), (0, 0, . . .)) ≥ 5× 10−5.
(2.20)
Set z(0) = x and t0 = 0. Suppose that the result holds for some p ∈ N. Then we have already defined
a sequence {z(i)}
tp
i=0 ⊂ X and a sequence of nonnegative integers {tk}
p
k=0 such that
z(0) = x
diam OT (z
(i)) ≤
1
3
for all i ∈ {0, 1, . . . , tp},
diam OT (z
(i+1), T z(i)) ≤ δi for all i ∈ {0, 1, . . . , tp − 1},
t0 = 0, tk < tk+1 for all k ∈ {0, 1, . . . , p− 1},
d(z(tk), (0, 0, . . .)) ≥ 5× 10−5 for all k ∈ {1, 2, . . . , p}.
Now, we show that this assumption holds for p+1. Applying Lemma 2.4 with w(0) = z(tp) and q = tp,
there exist a natural number n ≥ 4 and a sequence {z(i)}
tp+n
i=tp
⊂ X such that
diam OT (z
(i)) ≤
1
3
for all i ∈ {tp, tp + 1, . . . , tp + n},
diam OT (z
(i+1), T z(i)) ≤ δi for all i ∈ {tp, tp + 1, . . . , tp + n− 1},
d(z(tp+n), (0, 0, . . .)) ≥ 5× 10−5.
Put tp+1 = tp + n. Then tp < tp+1. In this way, we have constructed a sequence {z
(i)}
tp+1
i=0 ⊂ X and a
sequence of nonnegative integers {tk}
p+1
k=0 such that
z(0) = x,
diam OT (z
(i)) ≤
1
3
for all i ∈ {0, 1, . . . , tp+1},
diam OT (z
(i+1), T z(i)) ≤ δi for all i ∈ {0, 1, . . . , tp+1 − 1},
t0 = 0, tk < tk+1 for all k ∈ {0, 1, . . . , p},
d(z(tk), (0, 0, . . .)) ≥ 5× 10−5 for all k ∈ {1, 2, . . . , p+ 1}.
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Therefore, the assumption holds for p + 1. This implies that we have constructed a sequence
{z(i)}∞i=0 ⊂ X and a sequence of nonnegative integers {tk}
∞
k=0 satisfying (2.20).
Now we establish the convergence results of inexact orbits by assuming the convergence of exact
orbits only on bounded subsets of a b-metric space (X, d).
Definition 2.6. Let (X, d) be a b-metric space. A mapping T : X → X is said to be O-b continuous
if for a sequence {xn} ⊂ X , xn → x in (X, d) implies that diam OT (xn, x)→ 0.
Theorem 2.7. Let (X, d) be a complete b-metric space with coefficient s ≥ 1. Let E be a nonempty,
bounded and closed subset of X. For each i ∈ N0, let Ti : X → X be a weak quasi-contraction
mapping, O-b continuous and
diam OTj (Tix, Tiy) ≤ diam OTj (x, y) for all x, y ∈ X, f ∈ F and i, j ∈ N0. (2.21)
Let F be a nonempty set of mappings f : N0 → N0 with property (F). Suppose that the following
properties holds:
(P3) for each e ∈ E and each i ∈ N0, there exists e
′ ∈ E such that Ti(e
′) = e.
(P4) for each ǫ,K > 0, there exists a natural number nǫ,K such that for each f ∈ F and each
x ∈ X we have
diam OTi(x, θ) ≤
K
s
for all i ∈ N0,
d(Tf(nǫ,K)Tf(nǫ,K−1) . . . Tf(1)Tf(0)x, E) < ǫ.
Then for each ǫ,K > 0, there exist δ > 0 and nˆ ∈ N such that for each f ∈ F and each sequence
{xi}
∞
i=0 ⊂ X satisfying
diam OTi(x0, θ) ≤
K
s
for all i ∈ N0 (2.22)
and
diam OTf(j)(xi+1, Tf(i)xi) ≤ δ for all i, j ∈ N0, (2.23)
the following inequality is satisfied
d(xi, E) < ǫ for all i ≥ nˆ.
Proof. Suppose that ǫ,K > 0 are given. Without loss of generality we may assume that
K > 2 and diam OTi(θ, e) ≤
K − 2
s
for all i ∈ N0 and e ∈ E. (2.24)
Let
Z = {x ∈ X : diam OTf(i)(x, e) ≤ s
k(2K − 1) for some k ∈ N and for all f ∈ F, i ∈ N0 and e ∈ E}.
We shall show that (Z, d) is a complete b-metric space and Tj(Z) ⊂ Z for all j ∈ N0. Let {xn} be
a Cauchy sequence in (Z, d). As (X, d) is a complete b-metric space, there exists x ∈ X such that
lim
n→∞
d(xn, x) = 0. Since the orbits are bounded,
diam OTf(i)(x, e) = sup
l,m∈N0
{d(T lf(i)x, T
m
f(i)e), d(T
l
f(i)x, T
m
f(i)x), d(T
l
f(i)e, T
m
f(i)e)}.
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Consider
d(T lf(i)x, T
m
f(i)e) ≤ sd(T
l
f(i)x, T
l
f(i)xn) + sd(T
l
f(i)xn, T
m
f(i)e)
≤ s diam OTf(i)(x, xn) + s diam OTf(i)(xn, e).
Since Ti is O-b continuous and xn → x in (X, d), diam OTi(xn, x)→ 0 in (X, d). Also, xn ∈ Z implies
that diam OTf(i)(xn, e) ≤ s
k(2K − 1) for some k ∈ N. This implies that
d(T lf(i)x, T
m
f(i)e) ≤ s
k+1(2K − 1).
Now consider
d(T lf(i)x, T
m
f(i)x) ≤ diam OTf(i)(x)
≤ diam OTf(i)(x, xn)→ 0 as n→∞.
Also, consider
d(T lf(i)e, T
m
f(i)e) ≤ diam OTf(i)(e) ≤ diam OTf(i)(xn, e) ≤ s
k(2K − 1).
Therefore, for all f ∈ F, i ∈ N0 and e ∈ E we have
diam OTf(i)(x, e) ≤ s
k+1(2K − 1)
which implies that x ∈ Z. Now we prove that Tj(Z) ⊂ Z. Let x ∈ Z, then diam OTf(i)(x, e) ≤
sk(2K − 1) for some k ∈ N and for all f ∈ F, i ∈ N0 and e ∈ E. Since e ∈ E, by property (P3) for
each j ∈ N0 there exists e
′ ∈ E such that Tje
′ = e. Therefore, by (2.21)
diam OTf(i)(Tjx, e) = diam OTf(i)(Tjx, Tje
′)
≤ diam OTf(i)(x, e
′)
≤ sk
′
(2K − 1),
for some k′ ∈ N which gives Tjx ∈ Z. Therefore, Tj(Z) ⊂ Z for all j ∈ N0. Thus, all the assumptions
of Theorem 2.1 are satisfied for the complete b-metric space (Z, d) and the restrictions of Ti to Z,
i ∈ N0. Therefore, by Theorem 2.1 there exist δ > 0 and nˆ ∈ N such that the following property is
satisfied:
(P5) for each f ∈ F and each sequence {xi}
∞
i=0 ⊂ Z such that
diam OTf(j)(xi+1, Tf(i)xi) ≤ δ for all i, j ∈ N0,
the following inequality is satisfied
d(xi, E) < ǫ for all i ≥ nˆ.
Without loss of generality we may assume that
nˆδ < 1. (2.25)
We claim that the following property is satisfied:
(P6) if f ∈ F and a sequence {xi}
nˆ
i=0 ⊂ X satisfies
diam OTi(x0, e) ≤ 2K − 2 for all i ∈ N0, e ∈ E (2.26)
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and for all i ∈ {0, 1, . . . , nˆ− 1}
diam OTf(j)(xi+1, Tf(i)xi) ≤ δ for all j ∈ N0, (2.27)
then {xi}
nˆ
i=0 ⊂ Z.
Suppose that f ∈ F and the sequence {xi}
nˆ
i=0 ⊂ X satisfies (2.26) and (2.27). Then for each
i ∈ {0, 1, . . . , nˆ− 1}
diam OTf(j)(xi+1, e) = sup
l,m∈N0
{d(T lf(j)xi+1, T
m
f(j)e), d(T
l
f(j)xi+1, T
m
f(j)xi+1), d(T
l
f(j)e, T
m
f(j)e)}.
Consider
d(T lf(j)xi+1, T
m
f(j)e) ≤ sd(T
l
f(j)xi+1, T
l
f(j)Tf(i)xi) + s(T
l
f(j)Tf(i)xi, T
m
f(j)e)
≤ s diam OTf(j)(xi+1, Tf(i)xi) + s diam OTf(j)(Tf(i)xi, e)
Since e ∈ E, by property (P3) there exists e¯ ∈ E such that Tf(i)e¯ = e. Using (2.21) and (2.23) we
have
d(T lf(j)xi+1, T
m
f(j)e) ≤ sδ + s diam OTf(j)(xi, e¯).
Also, using (2.23)
d(T lf(j)xi+1, T
m
f(j)xi+1) ≤ diam OTf(j)(xi+1) ≤ diam OTf(j)(xi+1, Tf(i)xi) ≤ δ
and by (2.21)
d(T lf(j)e, T
m
f(j)e) ≤ diam OTf(j)(e) ≤ diam OTf(j)(Tf(i)xi, e) ≤ diam OTf(j)(xi, e¯).
Therefore, diam OTf(j)(xi+1, e) ≤ sδ + s diam OTf(j)(xi, e¯). This implies that for all i ∈ {0, 1, . . . , nˆ}
diam OTf(j)(xi, e) ≤ sδ + s diam OTf(j)(xi−1, e¯)
≤ (s+ s2)δ + s2 diam OTf(j)(xi−2, e˘)
...
≤ (s+ s2 + . . .+ si)δ + si diam OTf(j)(x0, e˜)
≤ isiδ + si diam OTf(j)(x0, e˜)
≤ nˆsnˆδ + snˆ diam OTf(j)(x0, e˜).
Using (2.25) and (2.26) we deduce that
diam OTf(j)(xi, e) ≤ s
nˆ(2K − 1)
which implies that {xi}
nˆ
i=1 ⊂ Z. This proves that property (P6) is satisfied. Suppose that f ∈ F and
the sequence {xi}
∞
i=0 ⊂ X satisfies (2.22) and (2.23). Consider
diam OTi(x0, e) = sup
l,m∈N
{d(T lix0, T
m
i e), d(T
l
ix0, T
m
i x0), d(T
l
i e, T
m
i e)}.
By (2.22) and (2.24) we have
d(T lix0, T
m
i e) ≤ sd(T
l
ix0, T
l
i θ) + sd(T
l
i θ, T
m
i e)
< s diam OTi(x0, θ) + s diam OTi(θ, e)
≤ 2K − 2.
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Also, using (2.22)
d(T lix0, T
m
i x0) ≤ diam OTi(x0) ≤ diam OTi(x0, θ) ≤
K
s
and using (2.24)
d(T li e, T
m
i e) ≤ diam OTi(e) ≤ diam OTi(θ, e) ≤
K − 2
s
.
Therefore, diam OTi(x0, e) ≤ 2K − 2 which implies that (2.26) holds for all i ∈ N0 and e ∈ E. Let
p ∈ N0 and
diam OTi(xp, e) ≤ 2K − 2 for all i ∈ N0 and e ∈ E.
Then by property (P6) we infer that {xi}
p+nˆ
i=p ⊂ Z and diam OTi(xp+nˆ, e) ≤ s
nˆ(2K − 1). This is true
for all p ∈ N0. Therefore,
diam OTi(xj , e) ≤ s
k(2K − 1)
for some k ∈ N, and for all i, j ∈ N0 and e ∈ E which implies that {xi}
∞
i=0 ⊂ Z. Together with (2.23)
and property (P5) we conclude that d(xi, E) < ǫ for all i ≥ nˆ.
Theorem 2.8. Let (X, d) be a complete b-metric space with coefficient s ≥ 1. Let E be a nonempty,
bounded and closed subset of X. For each i ∈ N0, let Ti : X → X be a weak quasi-contraction
mapping, O-b continuous and satisfy and (2.21). Let F be a nonempty set of mappings f : N0 → N0
with property (F). Suppose that properties (P3) and (P4) hold. Let {δi}
∞
i=0 be a sequence of positive
numbers such that lim
i→∞
δi = 0. Then for each ǫ,K > 0, there exist δ > 0 and n˜ ∈ N such that for
each f ∈ F and each sequence {xi}
∞
i=0 ⊂ X satisfying
diam OTj (xi, θ) ≤
K
s
for all i, j ∈ N0 (2.28)
and
diam OTf(j)(xi+1, Tf(i)xi) ≤ δi for all i, j ∈ N0, (2.29)
the following inequality is satisfied
d(xi, E) < ǫ for all i ≥ n˜.
Proof. By Theorem 2.7 there exist δ > 0 and nˆ ∈ N such that the following property is satisfied:
(P7) for each f ∈ F and each sequence {xi}
∞
i=0 ⊂ X satisfying (2.22) and (2.23), the following
inequality is satisfied
d(xi, E) < ǫ for all i ≥ nˆ.
Since lim
i→∞
δi = 0, there exists n1 ∈ N such that
δi < δ for all i ≥ n1. (2.30)
Let n′ = max{nˆ, n1} and n˜ ≥ 2nˆ+n1. Let n ≥ n˜ be an integer. It suffices to prove that d(xn, E) < ǫ.
Set zi = xi+n′ and fˆ(i) = f(i + n
′) for all i ∈ N0. Since n
′ ∈ N, by property (F) we deduce that
fˆ ∈ F. Using (2.29) and (2.30)
diam OT
fˆ(j)
(zi+1, Tfˆ(i)zi) = diam OTf(j+n′)(xi+n′+1, Tf(i+n′)xi+n′)
≤ δi+n′
< δ.
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Also, by (2.28)
diam OTi(z0, θ) = diam OTi(xn′ , θ) ≤
K
s
.
Therefore, by property (P7) we deduce that
d(zi, E) < ǫ for all i ≥ nˆ. (2.31)
As n ≥ n˜ and n′ = max{nˆ, n1}, n− n
′ ≥ n˜− n′ ≥ nˆ. Therefore, by (2.31) we conclude that
d(xn, E) = d(zn−n′, E) < ǫ.
3 Weak Ergodic Theorems
Pustylnik et al. [11] and Butnariu et al. [4] obtained weak ergodic theorems in metric spaces. Moti-
vated by them, we prove weak ergodic theorems in the setting of b-metric spaces.
Theorem 3.1. Let (X, d) be a complete b-metric space with coefficient s ≥ 1. For each i ∈ N0,
let Ti : X → X be a weak quasi-contraction mapping satisfying (2.21). Let F be a set of mappings
f : N0 → N0 with property (F). Suppose that the following property holds:
(P8) for each ǫ > 0, there exists a natural number nǫ such that for each f ∈ F and each x, y ∈ X
d(Tf(nǫ)Tf(nǫ−1) . . . Tf(1)Tf(0)x, Tf(nǫ)Tf(nǫ−1) . . . Tf(1)Tf(0)y) < ǫ.
Then for each ǫ > 0, there exist δ > 0 and n ∈ N such that for each f ∈ F and each pair of sequences
{xi}
∞
i=0, {yi}
∞
i=0 ⊂ X satisfying
diam OTf(j)(xi+1, Tf(i)xi) ≤ δ for all i, j ∈ N0, (3.1)
diam OTf(j)(yi+1, Tf(i)yi) ≤ δ for all i, j ∈ N0, (3.2)
the following inequality is satisfied
d(xi, yi) < ǫ for all i ≥ n.
Proof. Suppose that ǫ > 0 is given. Then by property (P8), there exists n ∈ N such that for each
f ∈ F and each x, y ∈ X we have
d(Tf(n−2)Tf(n−3) . . . Tf(1)Tf(0)x, Tf(n−2)Tf(n−3) . . . Tf(1)Tf(0)y) <
ǫ
2s2
. (3.3)
Choose a real number δ such that
0 < δ <
ǫ
4nsn+1
. (3.4)
Suppose that f ∈ F and the sequences {xi}
∞
i=0, {yi}
∞
i=1 ⊂ X satisfy (3.1) and (3.2), respectively.
Let m ≥ n be an integer. It suffices to show that d(xm, ym) < ǫ. Set f¯(i) = f(i + m − n + 1),
x¯i = xi+m−n+1 and y¯i = yi+m−n+1 for all i ∈ N0. Since m ≥ n, using property (F) we get f¯ ∈ F.
Using (3.1)
d(x¯i+1, Tf¯(i)x¯i) = d(xi+m−n+2, Tf(i+m−n+1)xi+m−n+1) ≤ δ. (3.5)
14
Similarly, using (3.2)
d(y¯i+1, Tf¯(i)y¯i) = d(yi+m−n+2, Tf(i+m−n+1)xi+m−n+1) ≤ δ. (3.6)
Set x˜0 = x¯0 and x˜i+1 = Tf¯(i)x˜i for all i ∈ N0. Also, set y˜0 = y¯0 and y˜i+1 = Tf¯(i)y˜i for all i ∈ N0. In
view of (3.3),
d(x˜n−1, y˜n−1) <
ǫ
2s2
. (3.7)
Proceeding as in the proof of Theorem 2.1 using (3.1) and (3.5) we get
diam OTf¯(j)(x˜i, x¯i) ≤ (i+ 1)s
iδ for all i, j ∈ N0. (3.8)
Similarly, using (3.2) and (3.6) we have
diam OTf¯(j)(y˜i, y¯i) ≤ (i+ 1)s
iδ for all i, j ∈ N0. (3.9)
Using (3.4), (3.7), (3.8) and (3.9) we deduce that
d(xm, ym) = d(x¯n−1, y¯n−1)
≤ sd(x¯n−1, x˜n−1) + s
2d(x˜n−1, y˜n−1) + s
2d(y˜n−1, y¯n−1)
≤ nsnδ + s2
ǫ
2s2
+ nsn+1δ
<
ǫ
4
+
ǫ
2
+
ǫ
4
= ǫ.
Theorem 3.2. Let (X, d) be a complete b-metric space with coefficient s ≥ 1. For each i ∈ N0,
let Ti : X → X be a weak quasi-contraction mapping satisfying (2.21). Let F be a nonempty set of
mappings f : N0 → N0 with property (F). Suppose that property (P8) holds. Let {δi}
∞
i=0 be a sequence
of positive numbers such that lim
i→∞
δi = 0. Then for each ǫ > 0, there exists nˇ ∈ N such that for each
f ∈ F and each pair of sequences {xi}
∞
i=0, {yi}
∞
i=0 ⊂ X satisfying
diam OTf(j)(xi+1, Tf(i)xi) ≤ δi for all i, j ∈ N0, (3.10)
diam OTf(j)(yi+1, Tf(i)yi) ≤ δi for all i, j ∈ N0, (3.11)
the following inequality is satisfied
d(xi, yi) < ǫ for all i ≥ nˇ.
Proof. Suppose that ǫ > 0 is given. Then by Theorem 3.1 there exist δ > 0 and n ∈ N such that the
following property is satisfied:
(P9) for each f ∈ F and each pair of sequences {xi}
∞
i=0, {yi}
∞
i=0 ⊂ X satisfying
diam OTf(j)(xi+1, Tf(i)xi) ≤ δ for all i, j ∈ N0,
diam OTf(j)(yi+1, Tf(i)xi) ≤ δ for all i, j ∈ N0,
the following inequality holds
d(xi, yi) < ǫ for all i ≥ n.
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Since lim
i→∞
δi = 0, there exists n1 ∈ N such that
δi < δ for all i ≥ n1. (3.12)
Let n′ = max{n, n1} and nˇ ≥ 2n + n1. Suppose that f ∈ F and the sequences {xi}
∞
i=0, {yi}
∞
i=0 ⊂ X
satisfy (3.10) and (3.11), respectively. Letm ≥ nˇ be an integer. It suffices to show that d(xm, ym) < ǫ.
Set fˇ(i) = f(i + n′), xˇi = xi+n′ and yˇi = yi+n′ for all i ∈ N0. Since n
′ ∈ N, by property (F) fˇ ∈ F.
Using (3.10) and (3.12)
diam OTfˇ(j)(xˇi+1, Tfˇ(i)xˇi) = diam OTf(j+n′)(xi+n′+1, Tf(i+n′)xi+n′)
≤ δi+n′
< δ.
Similarly, using (3.11) and (3.12) diam OTf¯(j)(yˇi+1, Tfˇ(i)yˇi) ≤ δ. Therefore, by property (P9) we
deduce that d(xˇi, yˇi) < ǫ for all i ≥ n. Since m ≥ nˇ, m − n
′ ≥ n. This gives d(xm, ym) =
d(xˇm−n′ , yˇm−n′) < ǫ.
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